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Abstract

A comparative study is presented on the vibratory characteristics of isotropic and orthotropic cylindrical
shells with perfectly bonded piezoelectric material on the inner and outer surface of the shell lamina. The
variation of free vibration natural frequencies and active damping ratios are simulated under varying
magnitude of steady state axisymmetric temperatures. The objectives are explained by presenting the results
of the numerical study on cylindrical shells made of mild steel and HS-graphite/epoxy bonded with PZT
piezoelectric material. The vibratory characteristics under the above circumstances are interpreted from the
point of view of initial stresses developed due to thermal loading. Apart from this, the changes in the
vibratory characteristics due to different fiber orientations are examined. It is found from the studies that
the frequency characteristic with respect to fiber orientation under thermal environment is highly dependent
on the boundary condition considered for the shell laminate.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Structural components in many application are exposed to temperature gradients as well as to
vibrations as in spacecraft, high-speed aircraft, manipulators in heat treatment shops to quote a
few. Knowledge of natural frequency and buckling analyses under thermal loading are critical
components of a design. Inherent vibration modes in structural components or mechanical
support systems can shorten equipment life and cause unexpected failures. The role of the thermal
component and its influence during the control of vibration amplitude using piezoelectric material
is becoming necessary. Most of the active vibration control research is directed towards
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understanding the behavior of piezoelectric material bonded (or embedded) on laminated
components when simultaneously subjected to mechanical, electric and temperature loadings,
commonly referred to as piezothermoelastic behavior. Useful research is reported on isotropic as
well as orthotropic beams, plates and shells. Recently Tauchert et al. [1] have reviewed the state of
the art research reported in the area of piezothermoelasticity in smart composite structures. They
provide brief information regarding the equations governing piezothermoelastic response, general
solution procedure for piezothermoelastic bodies, piezoelectric sensor applications and control of
composite structures like laminated beams, plates and shells via piezoelectric actuation. Rao and
Sunar [2] have made a deep survey of the research work reported on distributed sensing and
control of flexible structures using piezoelectricity. In their work, Rao and Sunar [3] were able to
show how important it is to include thermal effects in the application of distributed dynamic
measurement and active vibration control of advanced intelligent structures with illustrations on a
flexible bimorph robotic finger working in temperature changing environment.
Many researchers have produced results of their studies on the exact solutions for piezoelectric

shells for various loading conditions like pressure, thermal and electric potential. Chen and Shen
[4] carried out analytical studies on orthotropic circular cylindrical shell laminate with
piezoelectric layer subjected to axisymmetric thermal and mechanical loadings. Xu and Noor
[5] obtained analytical three-dimensional solutions for the thermoelectroelastic response of hybrid
laminated cylindrical shells. The solutions presented provide physical insight into the interaction
between the mechanical, thermal, and electric fields. Kapuria et al. [6–9] have worked extensively
in obtaining exact solutions for piezothermoelastic cylindrical shells and hybrid shell laminates
under axisymmetric and non-axisymmetric loadings. For example, under axisymmetric loading,
solutions are presented for finite transversely isotropic axially polarized piezoelectric cylindrical
shell [6], three dimensional series solution for a simply supported piezoelectric circular cylindrical
shell (PVDF) [7], hybrid cylindrical shell made of graphite-epoxy composite laminate and bonded
by PVDF layers [8] and for non-axisymmetric pressure load, thermal load and applied potential,
obtained an exact three-dimensional solution for a cylindrical hybrid composite shell with
surfaces bonded with PZT-5a [9]. In all these studies the variations of displacements, stresses,
electric potential and electric displacement across the thickness of the piezoelectric shell or hybrid
shell laminate were examined for various ratios of radius to thickness and loading patterns. Also
in the case of hybrid shell laminate they illustrated that the maximum values of deflection and the
stresses due to thermal loading developed in the composite laminate and PVDF layers could be
reduced considerably by applying actuation potential to the piezoelectric layer. The three-
dimensional analysis of piezothermoelastic behavior under different loading cases as studied by
above authors Chen and Shen, Xu and Noor, and Kapuria et al. will be helpful in assessing the
one- and two-dimensional piezothermoelastic models. Fung et al. [10] investigated the dynamic
behavior of a piezothermoelastic resonator cantilever beam of various shapes with variations like
stepped, linearly tapered and exponential. The steady state temperature rise distribution caused by
the actuation of applied voltage was calculated and its effects on the behavior of the resonator
were studied. Professor H.S. Tzou along with his co-researchers have been contributing enormous
amount of literature related to piezothermoelastic behavior. Tzou and Bao [11] have developed a
theory to study the behavior of anisotropic piezothermoelastic shell laminates involving
piezoelectric materials. Using Hamilton’s principle thermo-electromechanical equations and
boundary conditions of arbitrary anisotropic piezoelectric shell laminates were derived. Further
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they illustrate the use of the theory to obtain governing equations for cases like laminated shell
made of PVDF and for a single layer PVDF shell experiencing temperature variations. Tzou and
Howard [12] derived a generic piezothermoelastic shell theory for thin piezoelectric shells based on
linear piezoelectric theory and Kirchoff–Love assumptions. The theory can be used for the
analysis of piezoelectric cylindrical shell, piezoelectric ring, beam etc. by changing the Lame’s
parameters and radii of curvatures. Thermal effects to sensing and control of active piezoelectric
structures are discussed. Tzou and Ye [13] have developed a thin piezothermoelastic solid finite
element based on the variational formulation for piezothermoelasticity. The capability of the
piezothermoelastic finite element model is illustrated by studying the dynamic response of free and
controlled vibrations of the PZT laminated steel beam with and without thermal excitation. They
indicate in their study that there exists thermal deflection over the dynamic oscillation. In order to
control simultaneously the dynamic oscillation as well as thermal-induced deflection, two control
voltages are required. Tzou and Bao [14] have formulated the theoretical background for the
analysis of non-linear piezothermoelastic characteristics of anisotropic piezoelectric laminated
shells undergoing large deformations (i.e. geometric non-linearities). The mathematical model is
general in nature and one can appropriately deduce from this model to study and analyze non-
linear piezothermoelastic behavior and active static and dynamic control of plates, shells of
revolution etc. In continuation to this publication by Tzou and Bao, Tzou and Zhou [15]
implemented the non-linear piezothermoelastic theory to study the control of non-linear
deflection, buckling and dynamics of piezoelectric laminated circular plate. The laminated circular
plate experiences large non-linear deformation and is subjected to mechanical, temperature and
electric excitations. Lee and Saravanos [16] have constructed analytical formulations to study the
response from a piezoelectric composite shell structures under the coupled mechanical loading,
electric loading and thermal loading. Derived finite element equations and implemented for an
eight-node shell element, conducted investigations on the sensory and active responses of
piezoelectric composite shell structures subjected to thermal loads and also demonstrated the
thermal shape control of a cylindrical shell on to which is bonded piezoelectric layer. Gu et al. [17]
addresses bi-way coupling effects between temperature, piezoelectric and mechanical fields in the
study of smart composites and active control techniques in the presence of temperature fields. A
new higher order temperature field is developed in order to determine the temperature field
through the plate thickness. Refined third order displacement field is used to determine the
transverse shear. A finite element technique is developed based on these theories to study the
response of composite laminated plate with surface bonded PZT actuators and sensors.
There exists another class of materials developed from a combination of two materials with

varying proportion over the thickness so as to take advantage of their best and suitable material
properties and these are referred to as functionally graded materials (FGM). The most familiar
FGM is compositionally graded from a refractory ceramic to a metal (steel or aluminum). It can
incorporate incompatible functions such as the heat, wear, and oxidation resistance of ceramics
and the high toughness, high strength, machinability and bonding capability of metals without
severe internal thermal stress. These materials are proposed to be suitable for aerospace structural
components, components for combustion chamber construction and in areas where one
encounters large temperature variations. Active control studies on the FGM components are
building up rapidly in the repertoire of engineering and technology’s literature. He et al. [18]
developed a finite element model based on classical laminated plate theory for the analysis of
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static displacement control and vibration control of FGM plates with piezoelectric sensors and
actuators. They illustrate the control of center line deflection for a clamped–free–free–free FGM
plate under uniformly distributed load for various actuator voltages and power law exponents,
which dictates the properties variation through the thickness. For vibration suppression analysis
of FGM plate, the transient response was obtained using Newmark-b direct integration scheme.
Liew et al. [19] have conducted piezothermoelastic analysis of FGM plates. They developed a
finite element formulation for the same based on first order shear deformation theory. The FGM
plate is exposed to a temperature gradient through the thickness. A constant displacement
feedback control is used to minimize the bending deflection of the plate. Bending and torsional
vibration were controlled using a constant displacement cum velocity feedback. Influence of
various volume fraction exponent and controller gain values were examined. He et al. [20] carried
out studies on active control of curved FGM shells. The finite element model for the analysis of
piezoelectric layered FGM curved shell is developed based on the Kirchoff–Love theory and
linear piezoelectric theory. Using a displacement-cum-velocity feedback controller to couple the
piezoelectric sensors and actuators to form a close loop active control system, simulation studies
were presented on static and dynamic control of FGM shell laminates. The influence of various
values of volume fraction exponent and controller gains was also examined. Ng et al. [21] have
carried out studies on the dynamic stability of FGM plates under harmonic in-plane loading.
Dynamic instability regions are evaluated for simply supported FGM plates for different values of
power law exponent and for different loading configuration. Their studies reveal that, to some
extent it is possible to control the origin of the unstable point by varying the volume fraction
exponent. Parametric resonance of simply supported FGM cylindrical shells under periodic axial
loading was studied by Ng et al. [22]. A second order differential equation with periodic
coefficients of the Mathieu-Hill type is derived. The Bolotin’s first approximation is used to
evaluate the periodic solution. They report that the natural frequencies and dynamic instability
regions can be fairly controlled by appropriately varying the power law exponent. Recently Ng
et al. [23] developed an efficient finite element formulation based on the first order shear
deformation theory for active control of FGM shells in the frequency domain. They illustrated the
application of their formulation for a cantilever FGM shell with piezoelectric sensor and actuator
layers and subjected to a harmonic excitation. Natural frequencies can be controlled to desired
values by adjusting the displacement control gain or the volume fraction of the constituent
materials. Vibration amplitudes can be controlled by increasing the damping via displacement
velocity feedback gain.
Recently, the present authors [24] have reported their studies on the buckling and dynamic

behavior of piezothermoelastic composite cylindrical shell with clamped–clamped boundary
condition. Exhaustive results are reported on how the fiber angles of composite lamina can
influence the limiting value of thermal buckling temperature. Also the influence of number of
plies, the material properties like Young’s modulus and coefficient of thermal expansion on the
thermal buckling temperatures were examined. The influence of temperature on the natural
frequency has been studied for two typical cases and damping results have been presented for a
typical case. In contrast the main aim of the present study is to compare the behavior of simply
supported and clamped–free PZT layered orthotropic and isotropic cylindrical shell for dynamic
behavior and mention clearly the influence of boundary condition. In addition further study is
made to compare the behavior of composite shells in relation to isotropic shells.
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This paper focuses on the study of vibration characteristics of PZT layered cylindrical shell
made of mild steel and HS-graphite/epoxy material under steady state temperature conditions.
The PZT layer is fully distributed over the inner and outer surface of the cylindrical shell. The
PZT layers are specially shaped to a cosine form so that potential variation can be expressed in
Fourier series. Based on the linear piezothermoelastic constitutive equations an uncoupled
electromechanical and thermomechanical analysis is undertaken. An in depth comparative aspects
related to free vibration natural frequency characteristics, static thermal buckling temperature,
frequency behavior for various axisymmetric temperature and active damping ratio have been
dealt. Since composites can be tailored to any required fiber angle, for a single layered cylindrical
shell various fiber angles are considered. As a result of this a detailed comparison is being spelt out
in regards to composite shell with various fiber angles and mild steel (isotropic) material. This will
bring out the best possible fiber angle for HS-graphite/epoxy composite material when compared
to mild steel (conventional isotropic) material. Further the role of the boundary condition on the
overall characteristics in also examined. It is found that composite material with certain fiber
angle for the lamina can give superior thermal buckling temperature and hence vibration
characteristics when compared to isotropic material. Numerical results have been obtained by
considering cylindrical shell with l=r ¼ 2:08 and r=h ¼ 292:0: Boundary conditions considered are
simply supported at both ends and clamped–free. Isothermal conditions are assumed to exist with
the temperature variation as axisymmetric in nature. The numerical analysis is carried out using a
semi-analytical finite element formulation worked out for laminated shells of revolution
comprising of piezoceramic layers bonded to isotropic or composite shell. The structural finite
element formulation is adopted from the work of Rao et al. [25]. The active control strategy based
on cosine shaped PZT sensor/actuators with negative velocity feedback control as developed by
Saravanan et al. [26] is used. The semi-analytical formulation to consider the temperature effects
for shells of revolution is developed and appended to the above two formulations. The initial
stresses due to thermal loading can be determined and hence the geometric stiffness matrix
evaluated. The semi-analytical finite element code developed for the study of thermal effects in
PZT bonded cylindrical shell is independently validated for thermal buckling temperatures, and
the results are found to agree well with the available literature.

2. The physical model

The piezothermoelastic continua comprises of a cylindrical shell of length l; mid-surface radius
r; and thickness h: The outer and inner surface of the shell is perfectly bonded with piezoceramic
material. These distributed sensors and actuators are of the convolving type, cos ky shaped,
similar to that proposed by Tzou et al. [27]. The sensor signals are modified by a negative velocity
feedback controller with a constant gain and supplied to the actuators. The system comprising of
the piezoceramic bonded cylindrical shell is exposed to steady state heat source q such that steady
state heat influx qsi into the system equals the steady state heat dissipated qso from the system. The
system operates under steady state temperature and temperature variation through the continua is
axisymmetric. The continua are modelled in tri-orthogonal curvilinear co-ordinate system ðs; y; zÞ
as shown in Fig. 1.
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The three fundamental equations of the piezothermoelastic constitutive relations are the stress
equation (Duhamel–Neumann equation), the electric displacement equation and entropy density
equation are expressed using notation of Mindlin [28] are written as follows:

sij ¼ cijklðekl � eo
klÞ � ekijEk � lijT ; ð1Þ

Di ¼ eiklðekl � eo
klÞ þ xikEk þ piT ; ð2Þ

Z ¼ lklðekl � eo
klÞ þ pkEk þ

rcv

To

; ð3Þ

where sij is the stress tensor, cijkl is the elastic coefficients at the constant electric field and
temperature, ekl is the strain tensor, eo

kl is the initial strain vector, eijk is the piezoelectric
coefficients at a constant temperature, Ek is the electric field, lij is the temperature-stress
coefficient, T is the temperature rise from stress free reference temperature To: Di is the electric
displacement component, xik is the dielectric coefficient at the constant elastic stress and
temperature, pi is the pyroelectric constant, Z is the entropy per unit volume, cv is the specific heat
at constant volume and r is the density of the material. The formulation to follow in the
subsequent sections does not take into account the electromechanical and thermomechanical
coupling.

3. Semi-analytical finite element method for analysis of piezothermoelastic behavior of PZT bonded

shells of revolution

3.1. Structural stiffness and mass matrix

Liew [29] has recently provided an elaborate review on the vibration studies carried out on thin,
moderately thick, and thick shallow shells. Even though exhaustive reviews are available in the
literature, Liew lays more stress on aspects of vibration studies of shells using shell theories which
account for transverse shear effects. The displacement field on the basis of first order shear
deformation theory of the structural continuum is referred with respect to curvilinear co-ordinate
system (s; y; z). The total displacement is expressed as a sum of the mid-surface displacements uo;
vo; wo along the s; y; and z directions and rotations of the normal to the mid-surface cs; cy along s
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and y axes respectively, which can be written in a matrix form

ffg¼½H	ffog; ð4Þ

where

ffog
T ¼ ½ uo vo wo cs cy 	; ½H	 ¼

1 0 0 z 0

0 1 0 0 z

0 0 1 0 0

2
64

3
75 and ffgT ¼ f u v w g:

In the semi-analytical approach, the generalized displacement field is assumed to depend in the
circumferential direction and is expanded in Fourier series in the y direction as follows:

uo ¼
P

N

m¼0 uom cosmy; vo ¼
P

N

m¼0 vom sinmy; wo ¼
P

N

m¼0 wom cosmy;

cos ¼
P

N

m¼0 cosm cosmy; coy ¼
P

N

m¼3 coym sinmy:

Various Fourier harmonics would be decoupled if one considers only small vibrations. The
displacement field in Eq. (4) along with the strain–displacement relations for a doubly curved shell
of revolution in the (s; y; z) co-ordinate as given in Rao and Ganesan [25] based on FSDT and
elasticity theory will provide the following kinematic relations.

ess ¼
1

A1
ðeo

ss þ zk1s Þ; gyz ¼
1

A2
go
yz; ð5a; 5bÞ

eyy ¼
1

A2
ðeo

yy þ zk1yÞ; gsz ¼
1

A1
go

sz; ð5c; 5dÞ

gsy ¼
1

A1

1

A2
ðgo

sy þ zk1syÞ; ð5e; 5fÞ

where

1

A1
¼

1

1þ z=Rf
� 	 and 1

A2
¼

1

1þ z=Ry
� 	

In the above equations Rf and Ry are the principle radii of curvature of the shell as illustrated in
Fig. 1. Based on the magnitudes of Rf and Ry the geometry of the shell can become a cylindrical
shell, conical shell or a spherical shell. ess; eyy; gyz; gsz; gsy are the total strains which comprise of
normal strains and the shear strains: eo

ss; e
o
yy; g

o
yz; g

o
sz; g

o
sy referred to mid-surface and k1s ;k

1
y; k

1
sy; are

the change in curvature.
The total strain energy in the laminated cylindrical shell is given by

U ¼ U1 þ U2;

where U1 is the strain energy due to vibratory stresses and U2 is the strain energy due to initial
stresses as a result of steady state temperature. Strain energy U1 is given by

U1 ¼
1

2

Z
V

fesssss þ eyysyy þ gyztyz þ gsztsz þ gsytsyg dV ;

U1 ¼
1

2

Z
fegTfrg dA; ð6Þ
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where frg and feg are the generalized stress and strain vectors, respectively, and dA is the
infinitesimal area element on the shell mid-surface. The foregoing vectors are defined by

fegT ¼ feo
sse

o
yyg

o
syk

1
sk
1
yk
1
syg

o
szg

o
yzg;

frgT ¼ fNssNyyNsyMssMyyMsyQsQyg:

The methodology for the derivation of the element stiffness matrix for the shell laminate is
based on the usual finite element procedure.
The mass matrix is obtained from the kinetic energy of the shell continuum, KE ¼

r
2

R
V
ð ’u2 þ

’v2 þ ’w2Þ dV : For details see Ref. [24].

3.2. Geometric stiffness matrix evaluation

The PZT layered cylindrical shell is assumed to operate at a constant temperature. Thus there
exists thermal deflection and hence initial stresses. Neglecting the strain energy due to initial
transverse shear stresses, the expression for the strain energy due to initial stresses U2 is stated in
Rao [30] is as follows

U2 ¼
1

2

Z
V

fðei
ssÞ
2s
ss þ ðei

yyÞ
2s
yy þ 2g

i
sy t



syg dV ð7Þ

in which s
ss;s


yy; and t
sy are the initial stresses and the corresponding strains e

i
ss; e

i
yy and gi

sy are
given as follows

ei
ss ¼

1

1þ z=Rf
� 	 @wi

@s
�

ui

Rf

� 
; ð8Þ

ei
yy ¼

1

1þ z=Ry
� 	 1

r

@wi

@y
�

vi

r
sin f

� 
: ð9Þ

gi
sy ¼ ei

sse
i
yy ð10Þ

Using Eqs. (8)–(10) into Eq. (7) leads to

U2 ¼ 1
2fd

i
eg
T½kse	fdi

eg:

The matrix ½kse	 in the foregoing equation is the element geometric stiffness matrix:

kse½ 	 ¼
Z

V

½Bi	Tfr
g dV : ð11Þ

The strain displacement relation is given by feig¼½Bi	fdi
eg where fdi

eg represents the elemental
displacement vector. To compute the initial stresses due to axisymmetric temperature it is
necessary to find the thermal load and hence the displacement vector due to constant temperature
and the procedure is detailed in the next section.
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3.3. Thermal load and initial stress evaluation

Under thermal environment the expression for the total potential for an element is as follows

P ¼
1

2

Z
V

fegT½D	feg dV �
Z

V

fegTfkgT dV : ð12Þ

The temperature is assumed to be constant over the thickness and the temperature field for the
shell and piezoceramic continua is Tðs; y; z; tÞ ¼ Tðs; y; tÞ: Steady state temperature is assumed to
be dependent in the circumferential direction, and using Fourier series the temperature in the
circumferential direction is

T ¼
XN
m¼0

Tmcosmy:

Evaluation of the stress resultants has been detailed in the work published by Ganesan and Kadoli
[24] which is similar to that described in Cook et al. [31]. In brief the procedure involved is (i) the
computation of the thermal load vector, (ii) obtaining the thermal deflections, (iii) computing the
mechanical stress resultants, and finally (iv) superposing the stress resultants due to temperature field.

3.4. Active control under steady state axisymmetric temperature field

The linear piezothermoelastic constitutive relations i.e. Eqs. (1) and (2), namely the converse
piezoelectric and the direct piezoelectric effects will be used to obtain the finite element active
damping matrix. The procedure outlined below is based on the theory developed for a distributed
piezoelectric sensing by Tzou [32] and Tzou et al. [33]. The sensor and actuator equations will be
developed separately.

fEg ¼ fEs Ey Ez g
T:

The piezoceramic sensor and actuator layers are very thin of the order of 0.02mm. In the above
equation the quantity corresponding to, Ey; is assumed to have cosine distribution in the y direction.
In the present study the contribution of the potential in the y direction is ignored. It should be borne
in mind that ignoring this quantity may have a significant effect on the closed loop natural frequency.
However, the present analysis considers the poling of electrodes in the transverse direction only. The
potential j in the piezoelectric layer is assumed to vary linearly over the thickness, hence

fEg ¼ 0 0 �
j
tp

� �T
;

where tp is the thickness of the piezoceramic sensor layer. Referring to Tzou [34], in sensor
application, it is assumed that electric displacement, Di; is zero in an open circuit boundary
condition. Hence using Eq. (2)

�
Z

As

½n	fEg dA ¼
Z

As

½e	feg dA þ
Z

A

fpgT dA;

js ¼ �
1

x33Aelec

ts

Z
Aelec

½ e31 e32 	
ess

eyy

( )
dA þ ts

Z
A

fpgT dA

 !
: ð13Þ
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Note that Eq. (13) gives us the averaged charge and Aelec is the area of the electrode. The
constitutive relation that defines the converse piezoelectric effect i.e. Eq. (1) is used to determine the
actuating force generated by distributed actuators.

sij ¼ cijklekl � ekijEk � lijT :

In the above equation the effects due to axisymmetric temperature are the initial stresses which are
accounted in geometric stiffness matrix. Operating on other terms, from the principle of virtual work
the actuating force is computed as follows

fdegTfrg ¼
Z

V

fdegT½D	fdeg dV �
Z

V

fdegT½e	TfEg dV :

The effect of mechanical induced strain in the piezoceramic layer is neglected hence the actuator
force will be

fFg ¼ ½ka
uj	

ja

ta

� 
; ð14Þ

where ja is the actuator potential and ta is the thickness of actuator. The negative velocity feedback
controller is defined as

ja ¼ �GF ’js; ð15Þ

where ’js is the time derivative of js and GF is the feedback factor. Substituting Eq. (13) after taking
the time derivative into Eq. (15) the actuator potential will be

ja ¼ GF

1

x33Aelec

ts

Z
Aelec

½e	½B	 dAf’dg þ ts

Z
A

fpg ’T dA

� 
: ð16Þ

Since the temperature is assumed to be steady the time derivative of temperature is zero
accordingly substituting Eq. (16) in Eq. (14) the actuator force will now become

fFg ¼ ½ka
uj	 GF

1

x33Aelec

Z
Aelec

½e	½B	 dAf’dg
� � 

or

½cae	 ¼ ½ka
uj	ððGF Þ½ks

uj	Þ: ð17Þ

The above equation represents the active damping matrix ½cae	 for an element.

4. Prebuckling analysis and equation of motion

The static thermal buckling solution is obtained for an arbitrary axisymmetric temperature
distribution. The following equation is solved to obtain the thermal buckling parameters for the
PZT layered cylindrical shells.

ðKþ wKsÞxb ¼ 0: ð18Þ

In the above equation K is the structural stiffness matrix, Ks is the geometric stiffness matrix,
contribution from the thermal load due to steady state axisymmetric temperature. w are the
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buckling eigenvalues which multiplies the applied temperature to give the critical buckling
temperature and fxbg is the mode shape.
Using Lagrange’s equation, the equation of motion for an element is

me
.de þ cae

’de þ ðke þ kseÞde ¼ 0

and the global equation of motion for the PZT layered cylindrical shell will take the form

½M	f.dg þ ½Cd 	f’dg þ ½Kþ Ks	fdg ¼ 0 ð19Þ

Eq. (19) is cast in the state space form which results in unsymmetric eigenvalue problem.

�Cd �M

M 0

" #
d

$d

( )
¼ $

Kþ Ks 0

0 M

" #
d

$d

( )
; ð20Þ

where $ is the complex eigenvalue. Eq. (20) is solved for eigenvalues and active damping ratio
using LAPACK’s DGEVG subroutine [35]. Let $ ¼ $R þ i$ I; then the natural frequency will
equal to $ I rad=s and the active damping ratio will be equal to

z ¼
�$Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
$2

R þ $2
I

q :

5. Validating the formulation

5.1. Validation of critical buckling temperature

Thangarathnam et al. [36] have carried out thermal buckling analysis of composite cylindrical
shells under the influence of mechanical and thermal loads using semiloof finite element. Studies
of the results on buckling of symmetric cross ply composite cylindrical shell under uniform
temperature with simply supported boundary condition were presented. The same results are
simulated using the present formulation for the same composite cylindrical shell and these are
published in Ref. [24].

6. Numerical simulations—results and discussion

Free vibratory characteristics under a steady state axisymmetric temperature of a PZT-4
bonded cylindrical shell made of composite material and mild steel were studied and their results
are presented in this section. The dimensions of the cylindrical shell are as follows: length of shell
l ¼ 1:83m, radius of the shell r ¼ 0:876m. The thickness of the shell is 3.0mm and thickness of
PZT-4 layer is 0.02mm. Two boundary conditions are considered in the study namely simply
supported and clamped–free. The simply supported boundary condition used in the study is as
follows: u ¼ 0; v ¼ 0;w ¼ 0;csa0 and cya0 at the two edges of the shell, Thangaratnam [37].
The material properties used in the numerical study are listed in Table 1. The steady state
temperature distribution is assumed, and all material properties are temperature independent in
this study. The reference temperature, To; is assumed as 20�C, at which the body is free of stresses.
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The buckling temperatures, T ; reported in the paper are equal to difference between the absolute
temperature and the stress free temperature (T ¼ Tactual � To).

6.1. Convergence study

A three-node isoparametric line element is used for the finite element mesh of the cylindrical
shell laminate. To start with it is necessary to carry out a convergence study as far as the number
of elements required for finite element mesh in order to obtain a reasonable accuracy in the results
from the finite element analysis. Two finite element meshes were chosen for the same, one with 15
elements and the other with 20 elements. Two cases are considered one for the PZT layered mild
steel shell and the other for HS-graphite/epoxy with lamina angle equal to 0�. Buckling
temperatures are evaluated. Table 2 lists the lowest critical buckling temperature and the
corresponding mode. The convergence as far as lowest critical buckling temperature is concerned
is very good. The critical buckling temperature for other modes show a reasonable convergence
between 15 and 20 elements mesh design. In the present study the finite element model of the PZT
layered cylindrical shell uses 15 elements, from point of view of quicker computation.

6.2. Comparative results and discussion

A detailed comparative discussion is presented on (i) the free vibration natural frequency
characteristics, (ii) static thermal buckling temperatures, (iii) natural frequency variation with
respect to axisymmetric temperature, and (iv) variation of active damping ratio against
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Table 1

Material properties, Thangaratnam [37], Saravanan [26], and Fung et al. [10]

HS-graphite/epoxy Mild steel Piezoceramic

(PZT4)

Young’s modulus (GPa) E11 180.8 210.0 81.3

E22 10.4 210.0 81.3

E33 10.4 210.0 64.5

Shear modulus (GPa) G12 7.234 80.0 30.6

G31 7.234 80.0 25.6

G23 7.234 80.0 25.6

The Poisson ratio n12 0.28 0.30 0.329

n13 0.28 0.30 0.432

n23 0.28 0.30 0.432

Density (kg/m3) r 1389.23 7860 7600

Piezoelectric properties (C/m2) e31 — — 5.20

e32 — — �5.20
Dielectric constant (C2/(Nm2)) x33 — — 11505.0� 10�12

Coefficient of thermal expansion (per �C) a11 11.34� 10�6 1.1� 10�5 1.2� 10�6

a22 36.9� 10�6 1.1� 10�5 1.2� 10�6

Thermal stress coefficient (N/m2 �C) l 1.08� 106 1.08� 106 1.03� 105

Pyroelectric constant (C/m2 �C) P — — 0.25� 10�4

Ambient temperature (�C) To 20 20 20
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axisymmetric temperature of the laminated shell made of two materials with simply supported
and clamped–free boundary condition. Importance of the role of fiber angle in composite material
is brought to light in view of thermal buckling temperature and hence its influence on free
vibratory characteristics.

6.2.1. Comparison of free vibration frequencies for PZT bonded composite and mild steel cylindrical

shell with simply supported boundary condition
The free vibration natural frequencies of PZT layered HS-graphite/epoxy cylindrical shell with

different fiber orientations for the first axial mode associated with first twenty two harmonics are
presented in Fig. 2.
On closely examining these curves the magnitude of the natural frequencies are almost close to

one another for the lower harmonics. This is probably due to the membrane strain energy being
more or less the same for composite cylindrical shell with different fiber orientations. The bending
strain energy differs considerably for the composite shell depending on the fiber orientation. In the
higher harmonics region the bending strain energy differs considerably among shells with various
fiber orientation. Bending strain energy is lower for composite cylindrical shell with fiber angles
0�, 15�, 30� and 45� hence the natural frequencies are lower in magnitude. For a shell with fiber
orientations 90� and 60� the natural frequencies are higher on the higher harmonic region, which
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Table 2

Convergence of critical buckling temperature in two finite element mesh models

Modes Mild steel HS-graphite/epoxy (Ply angle 0�)

15 elements 20 elements 15 elements 20 elements

(1,1) 239.2 210.4 70.4 68.4

(2,1) 237.7 210.3 69.9 68.0

(3,1) 235.2 209.9 69.1 67.2

(4,1) 231.9 209.5 67.9 66.2

(5,1) 228.0 208.9 66.4 64.8

(6,1) 223.6 208.3 64.6 63.2

(7,1) 219.0 207.5 62.5 61.3

(8,1) 214.3 206.5 60.1 59.2

(9,1) 209.8 205.4 57.6 56.9

(10,1) 205.4 203.9 54.9 54.5

(11,1) 201.2 202.0 52.3 52.1

(12,1) 197.2 199.5 50.3 50.2

(13,1) 193.6 196.7 49.2 49.0

(14,1) 190.9 194.0 48.7 48.6

(15,1) 189.8 192.6 48.9 48.7

(16,1) 190.5 193.1 49.5 49.3

(17,1) 193.1 195.5 50.6 50.2

(18,1) 197.4 199.6 51.9 51.6

(19,1) 203.3 205.2 53.6 53.2

(20,1) 210.6 211.9 55.6 55.1
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is apparently due to very high bending strain energy. Table 3 lists the lowest natural frequency of
the composite shell with various fiber angles.
The change in the circumferential mode corresponding to lowest natural frequency of the

composite shell laminate is not drastic as the fiber angle is increased. Fig. 3 shows the first axial
mode natural frequency for PZT layered mild steel shell associated with first 22 circumferential
modes.
The lowest natural frequency occurs for mode (8,1) and is 556.6 rad/s. It is seen from Table 3

that the frequencies of composite shell are lower than that of mild steel shell for some fiber angles.
In contrast at some fiber angles the frequencies are comparable to that of mild steel.

6.2.2. Comparison of free vibration natural frequencies for PZT bonded composite and mild steel
cylindrical shell for clamped–free boundary condition

Fig. 4 shows the first axial mode natural frequencies associated with first 20 circumferential
modes of PZT layered composite shell with clamped–free boundary condition.
In contrast to the composite shell with simply supported boundary condition it is seen here that

the membrane strain energy differs in magnitude for lower number of circumferential harmonics
depending on the fiber angle. For higher circumferential number the bending strain energy is low
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Fig. 2. First axial mode natural frequencies for PZT layered composite cylindrical shell with simply supported

boundary condition.

Table 3

Lowest natural frequencies of the simply supported composite shell laminate

Fibre angle (m; n) Natural frequency (rad/s)

0� (9,1) 475.6

15� (9,1) 496.1

30� (8,1) 502.8

45� (7,1) 528.7

60� (6,1) 549.4

90� (6,1) 572.2
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in case of fiber angles 0�, 15�, 30� and 45� where as it is higher for fiber angles 60� and 90� for
higher number of harmonics. The magnitude of the lowest natural frequency and the
corresponding mode are listed in Table 4. In general the behavior is similar to that of simply
supported shells. As expected the frequencies of clamped–free shell are lower than that of simply
supported shell.
Fig. 5 shows the typical variation of the frequency characteristic for clamped–free PZT bonded

mild steel cylindrical shell. The lowest natural frequency in the first mode is associated with fifth
circumferential mode and its magnitude is 230.6 rad/s. The comparative trend in the frequencies
between composite and mild steel clamped–free shell is more or less the same as that of simply
supported shell.
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6.2.3. Comparison of critical thermal buckling temperature of simply supported composite and mild

steel cylindrical shell
Static thermal buckling analysis is required in order to determine the critical thermal buckling

temperatures. This will be highly useful when studying the frequency characteristics and active
damping ratio with respect to temperature. Table 5 lists the first axial mode (lowest) critical
buckling temperatures for PZT bonded graphite/epoxy composite shell with l=r ¼ 2:08 and simply
supported boundary condition. Composite shells with various fiber angles are considered in the
study.
From the table it is seen that the critical buckling temperatures are highly dependent on the

fiber angle and circumferential mode. It is as low as 37.6�C for 15� fiber angle and as high as
357.9�C for 60� fiber angle as far as the lowest critical thermal buckling temperature is concerned.
While studying the free vibratory characteristics, depending upon the fiber angle and
circumferential mode, the upper limit of the operating temperature was limited at 0.98 times
the critical buckling temperature. Under practical circumstances for active controlled systems
using piezoceramic materials Curie temperatures should also be borne in mind. For PZT-4 the
Curie temperature is 300�C. However, in this numerical study the consequence of Curie
temperature has been ignored. In addition the critical buckling temperatures of mild steel shell has
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Table 4

Lowest natural frequencies for clamped-free PZT layered composite shell

Fibre angle Modes Natural frequency (rad/s)

0� (7,1) 237.3

15� (7,1) 257.4

30� (6,1) 253.2

45� (5,1) 258.7

60� (4,1) 249.7

90� (4,1) 236.3
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Fig. 5. First axial mode natural frequencies of PZT layered mild steel shell with clamped–free boundary condition.
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also been reported in Table 5. Even though, in general, mild steel shell has better thermal buckling
characteristics compared to composite shell, for most of the fiber orientation it is found that the
buckling characteristics of 60� fiber angle composite is superior compared to mild steel. In the
section which deals with frequency characteristics of shells under thermal environment an attempt
is made to explain as to why the thermal buckling temperature differs in composite shells with
various fiber angles on the basis of initial thermal stress distribution in the cylindrical shells.

6.2.4. Comparison of critical thermal buckling temperatures of clamped–free PZT layered

composite and mild steel cylindrical shell
Table 6 lists the lowest buckling temperatures for a clamped–free composite shell laminate.

Since one end of the shell laminate is free to expand the initial stresses will be lower compared to
the shell laminate with simply supported ends. Hence one can expect very large magnitude of the
critical buckling temperature. As noticed from Table 6 the lowest critical buckling temperatures
are high in magnitude when compared to composite shell laminate with simply supported ends.
The critical buckling temperatures are extremely high especially for composite laminate with fiber
angles 45�, 30�, 15�, and 0�. At this point it is interesting to note that for the same fiber angles the
cylindrical shell laminate with simply supported boundary condition possess extremely low
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Table 5

Lowest thermal buckling temperatures for simply supported PZT bonded composite shell and mild steel shell

Modes Fibre angle of shell lamina Mild steel

0� 15� 30� 45� 60� 90�

Critical buckling temperatures

(1,1) 70.4 46.7 55.2 140.0 474.8 1085.0 219.2

(2,1) 69.9 46.6 55.4 140.7 463.2 966.3 217.7

(3,1) 69.1 46.4 55.6 141.6 449.6 817.8 215.2

(4,1) 67.9 46.0 55.7 142.8 435.7 671.9 211.9

(5,1) 66.4 45.5 55.7 144.5 422.2 453.8 208.0

(6,1) 64.6 44.8 55.7 146.6 408.9 362.5 203.6

(7,1) 62.5 44.1 55.5 149.3 395.3 301.0 199.0

(8,1) 60.1 43.2 54.2 152.3 381.6 265.4 194.3

(9,1) 57.6 42.0 51.7 155.6 369.3 232.0 189.8

(10,1) 54.9 39.5 50.4 156.8 360.8 207.5 185.4

(11,1) 52.3 38.5 50.8 160.8 357.9 191.7 181.2

(12,1) 50.3 38.1 50.9 165.6 361.4 182.6 177.2

(13,1) 49.2 37.6 52.9 173.0 371.1 178.4 173.6

(14,1) 48.7 38.2 54.9 182.1 386.4 178.4 170.9

(15,1) 48.9 39.1 51.1 189.1 406.5 182.4 169.8

(16,1) 49.5 40.0 51.1 189.1 430.9 190.2 170.5

(17,1) 50.6 41.3 52.8 189.5 458.7 201.7 173.1

(18,1) 51.9 42.5 54.9 196.1 489.1 216.9 177.4

(19,1) 53.6 42.1 57.3 207.5 521.8 235.9 183.3

(20,1) 55.6 41.5 60.0 222.0 557.1 258.6 190.6

(21,1) 57.8 42.2 63.1 239.2 595.6 284.9 199.4

(22,1) 60.2 43.4 66.3 258.7 637.8 314.9 209.6
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thermal buckling temperatures. Further for clamped–free cylindrical shell laminate, the critical
buckling temperatures are comparatively lower for higher harmonics (from eighth harmonic) in
case of composite shells with fiber angles 60� and 90�.
Table 6 also lists the thermal buckling temperatures for mild steel cylindrical shell for the first

20 circumferential modes. Here again the thermal buckling temperatures are extremely high.
Under normal safe operating temperature it is clear that the question of thermal buckling may not
be of a serious concern either in the case of orthotropic or isotropic cylindrical shell with
clamped–free boundary condition. As stated in the previous section the reasons for high thermal
buckling temperatures and the role of fiber angle can be explained by studying the nature of
distribution of the initial stresses due to a thermal loading in the clamped–free cylindrical shell
laminate.
A keen observation of the critical thermal buckling temperatures listed in Tables 5 and 6 clearly

brings out the fact that not only the fiber angle plays a vital role in attributing the limit to thermal
buckling temperatures, but also the structural boundary condition has a major role in deciding on
the thermal buckling temperatures.

6.2.5. Influence of axisymmetric temperature on the natural frequency
6.2.5.1. PZT bonded composite and mild steel cylindrical shell with l=r ¼ 2:08 and simply supported

boundary condition. The nature of variation of the first axial mode natural frequency of the
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Table 6

Lowest thermal buckling temperatures for clamped–free PZT bonded HS-graphite/epoxy shell and mild steel shell

Modes Fibre angle of shell lamina Mild steel

0� 15� 30� 45� 60� 90�

Critical buckling temperatures

(1,1) 89475.2 31919.3 22600.0 15299.0 12148.9 389827.6 93570.9

(2,1) 55256.0 28274.4 21703.1 15027.0 12481.9 86914.9 93624.6

(3,1) 29592.3 22572.6 20335.7 14813.7 11784.8 18793.6 79555.3

(4,1) 16659.4 16546.4 18517.2 14357.0 5843.9 6500.3 35362.0

(5,1) 10174.4 11768.7 16364.7 13305.9 2824.9 2874.0 16612.4

(6,1) 6679.4 8462.7 14114.9 10412.1 1599.9 1514.8 9071.6

(7,1) 5167.0 6255.5 12001.8 6662.7 1024.3 918.4 5467.1

(8,1) 5142.1 4770.2 17694.2 4672.4 724.2 625.8 3590.2

(9,1) 2228.1 3826.2 7296.2 3528.3 557.8 472.5 2538.4

(10,1) 1676.9 4032.6 5663.5 2851.9 462.6 389.8 1910.5

(11,1) 1392.3 7559.2 4687.2 2445.5 408.0 346.2 1520.5

(12,1) 1408.2 6114.4 4073.6 2201.8 377.9 326.1 1272.6

(13,1) 6329.5 2436.2 3692.3 2060.0 363.4 320.9 1113.5

(14,1) 1040.1 1651.9 3463.2 1984.2 359.1 325.8 1012.5

(15,1) 883.7 1435.8 3341.9 1952.4 361.8 337.5 951.0

(16,1) 794.5 1303.7 3490.3 1950.6 369.4 354.1 917.5

(17,1) 725.8 1201.5 16686.0 1969.8 380.3 374.1 904.1

(18,1) 672.2 1120.7 3520.2 2004.0 393.8 396.7 905.6

(19,1) 630.2 1056.4 3290.1 2048.4 409.1 421.2 918.4

(20,1) 597.1 1005.0 3135.9 2101.1 425.7 447.2 939.8
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piezoelectric laminated composite shell is evaluated for various axisymmetric temperatures.
Operating temperature spans from ambient temperature to a temperature magnitude of 0.98 times
the critical buckling temperature of various circumferential modes. Fig. 6 illustrates the frequency
characteristics of the composite shell laminate for different fiber orientation. For each composite
shell laminate the variations are studied for different circumferential modes viz. 1, 5, 10 and 15. In
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R. Kadoli, N. Ganesan / Journal of Sound and Vibration 271 (2004) 103–130 121



each of the cases as expected the natural frequency reduces as the temperature of the shell
laminate increases. The fall in natural frequency is minimal for the initial rise in temperature. This
trend is true in case of all composite shell laminates irrespective of the fiber angle and mode.
Further, consider mode (1,1), it is seen that as the temperature is increased and reaches a
reasonably high temperature compared to thermal buckling temperature there is a sudden drop in
the magnitude of the frequency. This trend continues and it tends to zero as the temperature is
further increased to a magnitude close to the critical buckling temperature. This behavior in the
variation of natural frequency may probably be due to high magnitude of initial stresses near
about the buckling temperature.
This trend is well observed for the composite shell irrespective of the fiber angle considered in

the study. For mode (5,1) the variation of the frequency with respect to temperature is almost
linear up to critical buckling temperature (this is clearly seen in Fig. 6 for a composite shell with
90� fiber orientation) irrespective of fiber angle. The variation of natural frequency with respect to
temperature follows a linear path for mode (10,1) for composite shell with fiber angles 0�, 15�, and
30�. But in case of composite shell with fiber angles 45�, 60�, and 90� the nature of variation is
initially linear with minimal reduction in frequency as temperature increases. Further for higher
temperatures (more or less close to thermal buckling temperatures) the frequency reduces
appreciably as seen for shell with 90� fiber angle. The nature of variation in the natural frequency
in mode (15,1) is more or less similar to that observed in mode (1,1), excepting that the steepness
of the fall in frequency at higher temperatures is less. Thus it is clear that the trend in variation of
the natural frequency with respect to temperature differs from mode to mode.
Under ambient conditions the frequency characteristics as depicted in Figs. 2 and 3 indicate

that the magnitudes of the natural frequencies do not differ much for modes from (1,1) to (8,1)
for the composite shell with various fiber angles considered. Beyond these modes there is
appreciable difference in frequencies. Again in this region the exception are among composite
shells with fiber angles 0�, 15� and 90�. But in contrast the natural frequency characteristics differ
considerably for composite shells depending on the fiber angle when operating in steady state
isothermal conditions. The permissible range of operating temperature is very small for composite
shells with fiber angles 0�, 15� and 30� when compared to composite shells with fiber angles 45�,
60� and 90�.
In order to explain the behavior of variation of natural frequency with respect to temperature

for different fiber orientations an attempt was made to study the distribution of the initial stress
resultants due to thermal loading. Fig. 7 shows the distribution of the axial stress resultants along
the length of the shell laminate for various fiber angles. The axial stress resultants (i.e. compressive
in nature) are the highest for shell with fiber angle 15�. The stress resultants for composite shell
with fiber angles 30� and 0� are less compared to 15� but are on higher side when compared to
shell with fiber angles 45�, 60� and 90�. Composite shells with fiber angles 45�, 90� and 60� have
comparatively very low magnitudes of stress resultants, respectively. The nature of distribution
and magnitude of the initial stress resultants to some extent governs the limit on the critical
thermal buckling temperature.
Looking back at critical buckling temperatures in Table 5, accordingly the critical thermal

buckling temperatures are very high in case of composite shell tailored with fiber angles 45�, 60�

and 90�. Composite shell with 15� fiber angle should have the lowest magnitude of critical thermal
buckling temperatures. Hence it is concluded that the geometric stiffness matrix (which depends
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on the initial stresses of the system) plays a vital role in deciding the frequency characteristics of
the composite shell under steady state isothermal conditions.
For isotropic material like mild steel considered in the study, the variation of the natural

frequency with respect to axisymmetric temperature are found for few modes namely (1,1), (5,1),
(10,1) and (15,1) and these are illustrated in Fig. 8.
The trend in the variation of natural frequency with respect to temperature is similar to those

for composite shell with fiber angles 0�, 15� and 30�. One of the reasons for the same trend can be
attributed to the similar nature of the free vibration characteristics of the mild steel shell laminate
when compared to composite shell laminate with fiber angles 0�, 15� and 30�.

6.2.5.2. PZT bonded composite and mild steel cylindrical shell with l=r ¼ 2:08 and clamped–free

boundary condition. The studies of the variation of natural frequency with respect to axisymmetric
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temperature are limited to composite shell with 60� and 90� fiber angles and also to the higher
circumferential harmonics like 10, 15 and 20. These results are shown in Fig. 9.
The study was conducted up to 98% of the critical buckling temperature. The plots indicate

that the decrease in natural frequency is very less with increase in temperature for modes (10,1)
and (15,1). Studies here too reveal that the nature of decrease in the magnitude of the natural
frequency with respect to temperature increase is highly dependent on the mode and fiber angle.
Fig. 10 show the distribution of the axial stress resultants in a clamped–free PZT bonded

HS-Graphite/Epoxy cylindrical shell. As expected the stress resultants are very large near the
clamped edge and almost zero at the free end of the shell. The magnitude of the axial stress
resultants is highest for composite with 60� fiber angle. From Fig. 10b, the stress resultants in the
circumferential direction are highest for 60� and 90� fiber orientations. These facts can probably
be attributed to low magnitudes of thermal buckling temperatures for higher harmonics in a
clamped–free shell.
Since the critical thermal buckling temperatures are very high for clamped–free mild steel shell

(refer to Table 6) based on the trends in composite shells here also one can expect the reduction in
frequency with variations in the axisymmetric temperature will be very small.
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Fig. 9. Variation of the square of the lowest natural frequency versus axisymmetric temperature for clamped–free PZT

layered HS-graphite/epoxy cylindrical shell.
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6.3. Influence of axisymmetric temperature on active damping ratio

Active damping ratios are evaluated using the LAPACK’s DGEVG routine. It is required to
understand the nature of variation in the magnitude of the active damping ratios for various
axisymmetric temperatures. Typical results have been presented for simply supported PZT
bonded HS-graphite/epoxy composite shell with 60� fiber orientation and for PZT bonded mild
steel cylindrical shell. Figs. 11 and 12 illustrate these results. The active damping ratios illustrated
are for the first axial mode associated with circumferential modes m equal to 1,5,10 and 15. In
general it is observed that depending on the mode (m; n) either system has positive active damping
ratio or negative active damping ratio irrespective of the temperature changes. Accordingly the
system under active control using cosine shaped PZT sensor/actuator will be stable or unstable. It
is seen that for modes (1,1) and (5,1) the system is stable for most of the operating temperatures
but near the buckling temperature the active damping ratio decreases drastically leading the
system to become unstable.
It interesting to note that for mode (5,1) in case of PZT bonded HS-Graphite/Epoxy cylindrical

shell the active damping ratio increases slightly as the operating temperature increases.
Fig. 13 shows the typical results on the variation of active damping ratios with respect to

temperature for a PZT bonded HS-graphite/epoxy cylindrical shell with clamped-free boundary
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condition. The active damping ratios are negative for the modes considered for study namely
(10,1), (15,1) and (20,1).
For the geometry details of the cylindrical shell considered for study here the active control of

vibrations at higher modes especially (10,1), (15,1) and (20,1) produce negative damping. From
the above study it is clear that the magnitude of active damping ratio depends on the mode (m; n).
The variation in magnitude of active damping ratio with respect to temperature is negligible when
compared to active damping ratio at room temperature. This is true irrespective of the boundary
condition.

7. Closure

A comparative study of the free vibratory characteristics has been presented between PZT
bonded cylindrical shell made of HS-graphite/epoxy and mild steel. Simply supported and
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clamped–free cylindrical shell with l=r 2.08 are considered for the study. Semi-analytical finite
element formulation for the study of free vibratory characteristics of PZT bonded cylindrical shell
operating in steady state isothermal conditions is discussed. The finite element code is verified by
comparing the thermal buckling temperatures for composite shell laminate available in literature.
The free vibration natural frequency characteristics of PZT bonded mild steel shell shows

variation similar to PZT bonded HS-graphite/epoxy cylindrical shell with fiber angle 30� in the
case of simply supported boundary condition. For a clamped–free PZT bonded mild steel
cylindrical shell the frequency characteristics are more or less similar to PZT bonded
HS-Graphite/Epoxy cylindrical shell with 45� and 60� fiber orientation.
The thermal buckling temperatures of PZT bonded HS-Graphite/Epoxy cylindrical shells with

fiber angles 60� and 90� have better thermal buckling temperatures when compared to that of
mild steel shell with simply supported boundary condition. The thermal buckling temperatures of
composite shell with 0�, 15�, 30�, and 45� fiber orientations are much less compared to mild steel.
The lowest thermal buckling temperature in case of cylindrical shell with 15� fiber orientation is as
low as 37�C compared to 358�C for 60� fiber orientation. This large difference in the thermal
buckling temperature among the composite shells with different fiber orientation has been
explained on the basis of initial stress resultants and it has been proved that depending on the fiber
orientation one factor that governs the thermal buckling temperature is the magnitude and
distribution of initial stress resultants.
The thermal buckling temperatures are high for mild steel shell as well as composite shells with

clamped–free boundary condition. The influence of fiber orientation on the thermal buckling
behavior of clamped–free shells is different compared to that of simply supported composite
shells. It is found that the shell lamina with 30�, 45�, 15� and 0� fiber orientations have extremely
higher thermal buckling temperature. This has been explained on the basis of distribution of
initial stress resultants.
Free vibratory natural frequency behavior of simply supported PZT bonded HS-Graphite/

Epoxy shell under thermal environment has been studied for different fiber orientations. The
influence of temperature on the natural frequency of the PZT bonded cylindrical shells show that
for the initial increase in the magnitude of temperature the change in the magnitude of the natural
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frequency is minimal. At higher temperatures close to buckling temperature the natural frequency
decreases either drastically or gradually depending on the mode. The permissible temperature also
depends on the circumferential mode. Even though the free vibration characteristics of composite
shell laminates at room temperature does not differ considerably especially at low circumferential
mode, their characteristics differ widely under axisymmetric temperature conditions. It is found
that the permissible range of temperature for the operation of the PZT bonded cylindrical shell
with different fiber orientation widely differs. For example shell with 15� fiber orientation can
operate up to 37�C which is very low when compared to shell with 60� fiber orientation which can
operate up to 358�C. Hence the fiber angle of composite shell can be tailored to suit the
temperature requirement.
Even though the variation of frequencies of clamped–free shells show a trend similar to that of

simply supported shells the influence of fiber orientation on the thermal buckling temperature
does not follow the same trends.
The magnitude of the active damping ratios do not vary much at various temperatures

compared to the active damping ratio at room temperature until near about the buckling
temperature. The active damping ratio decreases drastically as the temperature nears the thermal
buckling temperature. Depending on the mode the active damping ratios are either positive or
negative. From the nature of the damping it is possible to ascertain the stability of the PZT
bonded shell.
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